Let P κ2 κ1 (P , Q) denote the set of C 1 regular curves in the 2-sphere S 2 that start and end at given points with the corresponding Frenet frames P and Q, whose tangent vectors are Lipschitz continuous, and their a.e. existing geodesic curvatures have essentially bounds in (κ 1 , κ 2 ), −∞ < κ 1 < κ 2 < ∞. In this article, firstly we study the geometric property of the curves in P κ2 κ1 (P , Q). We introduce the concepts of the lower and upper curvatures at any point of a C 1 regular curve and prove that a C 1 regular curve is in P κ2 κ1 (P , Q) if and only if the infimum of its lower curvature and the supremum of its upper curvature are constrained in (κ 1 , κ 2 ). Secondly we prove that the C 0 and C 1 topologies on P κ2 κ1 (P , Q) are the same. Further, we show that a curve in P κ2 κ1 (P , Q) can be determined by the solutions of differential equation Φ ′ (t) = Φ(t)Λ(t) with Φ(t) ∈ SO 3 (R) with special constraints to Λ(t) ∈ so 3 (R) and give a complete metric on P κ2 κ1 (P , Q) such that it becomes a (trivial) Banach manifold.
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Introduction
In this article, we study the geometric and topological properties of the space of C 1 regular curves on the unit 2-sphere S 2 with the "curvatures" constrained in an interval. Let γ(t), t ∈ [0, 1] denote a C 1 regular curve in S 2 whose tangent vectorγ is Lipschitz continuous. This implies thatγ(t) exists for a.e. t. Reparameterizing γ with arc-length s, γ ′ (s) is also Lipschitz continuous for s and γ ′′ (s) = t ′ (s) exists for a.e. s. Moreover, t ′ (s) = −γ(s) + κ(s)n(s), a.e. s, where t(s) and n(s) are the unit tangent vector and unit normal vector at γ(s), and κ(s) is called geodesic curvature at γ(s) or γ(t).
Consider the set of all C 1 regular curves in S 2 that start and end at given points with given directions. Precisely, denote by I(P , Q) the set of all C 1 regular curves γ in S 2 with Frenet frames F γ (0) = P ∈ SO 3 (R) and F γ (1) = Q ∈ SO 3 (R).
We study the subset P κ 2 κ 1 (P , Q) consisting of the curves in I(P , Q) whose tangent vector is Lipschitz continuous and whose geodesic curvature κ(t) (which exists for a.e. t) satisfies κ 1 < ess inf t∈[0, 1] κ(t) ≤ ess sup
where κ 1 < κ 2 are real numbers, ess inf κ(t) and ess sup κ(t) denote the essential infimum and essential supremum of κ(t), respectively. Our study of the geometry and topology of P k 2 k 1 (P , Q) is motivated by the investigation on the topologies of C r regular curves in S 2 , r ≥ 1. Here we briefly recall some results in this topic. In 1956, Smale [12] proved that the space of C r (r ≥ 1) regular closed curves on S 2 , has only two connected components. Each of them are homotopically equivalent to SO 3 (R) × ΩS 3 , where ΩS 3 denotes the space of all continuous closed curves in S 3 with the C 0 topology. Later in 1970, Little [4] proved that there are a total of 6 second order non-generate regular homotopy classes of C r , r ≥ 2, regular closed curves in S 2 . In 1999, Shapiro and Khesin [3] began to study the topology of the space of all smooth regular locally convex curves (not necessarily closed) in S 2 which start and end at given points with given directions. They showed that the space of such curves consists of 3 connected components if there exists a disconjugate curve connecting them. Otherwise the space consists of 2 connected components. During 2009-2012, in [6] , [7] and [8] , Saldanha did several further works on the higher homotopy properties of the space of locally convex curves on S 2 and gave an explicit homotopy for space of locally convex curves with prescribed initial and final Frenet frames. Recently, in 2013, Saldanha and Zühlke [11] extended Little's result to the space of C r , r ≥ 2, regular closed curves with geodesic curvature constrained in an open interval −∞ ≤ κ 1 < κ 2 ≤ +∞. Moreover, they conjectured the (n − 1)-th and n-th connected components L n−1 and L n in a theorem of them ( [11] , Theorem B) to be homotopically equivalent to (ΩS 3 ) ∨ S n 1 ∨ S n 2 ∨ S n 3 ∨ · · · , where n depends on κ 1 and κ 2 . In [14] , we considered the subspace L κ 2 κ 1 (P, Q) of the space I κ 2 κ 1 (P, Q) (see its definition in Section 2) and proved the existence of a nontrivial map F : S n 1 → L κ 2 κ 1 (P, Q), where the dimension n 1 are linked to the maximum number of arcs of angle π for each of four types of "maximal" critical curves. This result is consistent with the conjecture. We refer the readers to the articles [3] , [4] , [6] , [7] , [8] , [9] , [10] , [11] , [12] , [13] , and references therein for more knowledge on this subject. In this article, we obtain some results related to our research in [14] and the work by Saldanha and Zühlke in [11] . First, we discuss the geometric character of the curves in P κ 2 κ 1 (P , Q). In order to do this, in Section 2, we introduce the concepts of upper curvature κ + γ (t) and lower curvature κ − γ (t) at the point γ(t) of a general C 1 regular curve γ by comparing the curve with the corresponding families of the circles that are tangent to the curve at γ(t). Both curvatures restricted to C 2 curves coincide with the usual geodesic curvature. We proved that any C 1 regular curve is in P κ 2 κ 1 (P , Q) if and only if it satisfies κ 1 < inf
Next, we consider the C 0 and C 1 topologies of the space P κ 2 κ 1 (P , Q). Although these two topologies are different for the space I(P , Q), they are the same for P κ 2 κ 1 (P , Q). We prove that Theorem 2. The metric spaces (P κ 2 κ 1 (P , Q), Q), d 0 ) and (P κ 2 κ 1 (P , Q), d 1 ) generate the same topology. Here d 0 and d 1 are the following metrics
where d denotes the surface distance on S 2 .
where d is the distance measured in the tangent bundle TS 2 with a Riemannian metric induced from S 2 .
We remark that for P κ 2 κ 1 (P , Q), it is known that the compact-open topology is also equivalent to the C 0 topology induced by the metric d 0 .
Lastly, we equip P κ 2 κ 1 (P , Q) with a special norm so that it becomes a Banach space, hence a trivial Banach manifold. The approach is to write the Frenet frame of a related C 1 regular curve in S 2 as a weak solution of a differential equation and use the similar idea in [11] . We obtain that Theorem 3. P κ 2 κ 1 (P , Q) can be furnished a complete norm so that it is a Banach space, hence a trivial Banach manifold.
We remark that the topology of the Banach manifold P κ 2 κ 1 (P , Q) obtained above is not equivalent to C 0 topology on P κ 2 κ 1 (P , Q) since the latter is not complete.
Definitions and notations
In this section, we give some definitions and notations. Let S 2 denote the unit sphere in the Euclidean space R 3 . A C 1 regular parameterized curve in S 2 is a C 1 map γ : I → S 2 such that the tangent vectorγ(t) = 0 for all t ∈ I, where I = [a, b] ⊂ R. In other words, a C 1 regular parameterized curve in S 2 is a C 1 immersion of I into S 2 . Now we recall the definition of the space of C 1 regular curves.
There is an equivalence relation ∼ in the set of all C 1 regular parameterized curves in S 2 . Any two C 1 regular parameterized curves in S 2 α : I α → S 2 and β : I β → S 2 are called equivalent if they are the same up to a reparameterization, that is, there exists a C 1 bijectiont :
The space of C 1 regular curves in S 2 is defined as the quotient space I = {γ : γ is a C 1 regular parameterized curve in S 2 } / ∼ . By abuse of notation, we will still use α to represent the equivalence class [α] = {β; α ∼ β} ∈ I and call α ∈ I a C 1 regular curve in S 2 .
For a C 1 regular parameterized curve γ : [0, 1] → S 2 with parameter t, the arclength s : [0, 1] → [0, L γ ] of γ is given by
Since |γ| > 0, s is a strictly increasing function. Re-parameterizing the curve by arc-length s, the curve γ : [0, L γ ] → S 2 satisfies |γ ′ (s)| ≡ 1. It is easy to known that one may reparameterize γ proportionally to arc-length so that γ : [0, 1] → S 2 has constant speed |γ| ≡ L γ . In this article, unless stated otherwise, a C 1 regular curve will be identified with this parameterization.
Throughout this paper, we will use the notation t γ (t) to denote the unit tangent vector at γ(t), that is, t γ (t) = γ ′ (s)| s=s(t) . Derivatives with respect to t and s will be denoted by a˙and a ′ , respectively. We use this convention for higher-order derivatives as well.
We may define C 0 and C 1 metrics in I: Given any two curves α, β : [0, 1] → S 2 in I with constant speeds,
where d is the distance measured on R 3 .
where d is the distance measured in the tangent bundle TS 2 with a Riemannian metric. This metric is equivalent to the metric
where d 1 is the surface distance on S 2 and d 2 is the distance on R 3 .
The metrics d 0 andd 0 are equivalent, and also the metrics d 1 andd 1 are equivalent. These metrics above induce corresponding topologies in I. Let (S 2 ) [0,1] be the space of all continuous maps from [0, 1] into S 2 . Note that I ⊂ (S 2 ) [0,1] . It is well known that the topology induced by the metric d 0 is equivalent to the compact-open topology on (S 2 ) [0,1] (see Proposition A. 13 ., page 530 in [2] ). Now we give the definition of lower and upper curvatures for C 1 regular curves. Given a C 1 regular curve γ : I → S 2 , the unit normal vector n γ to γ is
where × denotes the vector product in R 3 . If γ also has the second derivativeγ(t) at γ(t), the geodesic curvature κ γ (s) at γ(s) = γ(s(t)) is defined by
, where s is the arc-length of γ. However, for a C 1 regular curve, the geodesic curvature may not be well defined at a point of the curve. Here we establish a weaker definition than the geodesic curvature κ γ (s) for C 1 regular curves below (see Figure 1 , for an intuition of this concept).
Given a C 1 regular curve γ : I 1 → S 2 and a circle ζ : I 2 → S 2 , we say that ζ is tangent from left to γ at γ(t 1 ), with t 1 ∈ I 1 , if the following conditions are satisfied:
(1) There exists a t 2 ∈ I 2 such that γ(t 1 ) = ζ(t 2 ) and t γ (t 1 ) = t ζ (t 2 ).
(2) Denote the center of ζ by a so that ζ travels anti-clockwise with respect to a.
There exists a δ > 0 such that:
where r denotes the radius (measured on sphere) of ζ in relation to the center a and d is the distance measured on S 2 .
In the same manner, we say that ζ is tangent from right to γ at γ(t 1 ) by replacing Condition (2) with:
(2') Denote the center of ζ by a so that ζ travels anti-clockwise with respect to a.
where r denotes the radius (measured on sphere) of the circle ζ in relation to the center a and d is the distance measured on S 2 .
Definition 4. For a C 1 regular curve γ : I → S 2 , we define the upper and the lower curvatures, denoted respectively by κ + γ and κ − γ , as follows:
where r is the radius of a circle tangent from left to γ at γ(t) , κ − γ (t) = sup cot(r); where r is the radius of a circle tangent from right to γ at γ(t) , where t ∈ I. We follow the conventions inf ∅ = +∞ and sup ∅ = −∞.
Since the radius of a circle tangent from right is greater than or equal to the radius of a circle tangent from left, we have κ + Following the same idea, one may define C 2 regular curves tangent from left and from right, and give alternative definition of upper and lower curvatures for C 1immersed curves. It is straightforward that the above definition of the curvatures are equivalent to:
where α is a C 2 regular curve tangent from right to γ at α(s) = γ(t) . Definition 4 is motivated by the concepts of upper and lower derivatives of continuous functions in Calculus. For C 2 regular curves, upper and lower curvatures are equal to the geodesic curvature which is defined by Equation (1). Now we take our attention on the curves in I which start and end at given points with given directions. The Frenet frame of γ is defined by:
Let I be the identity matrix in SO 3 (R). We define the following spaces of curves:
we give the following notations of the sets:
As stated in Introduction, let γ(t), t ∈ [0, 1], be a C 1 regular curve. Suppose thatγ(t) is Lipschitz continuous. Then it is known thatγ(t) exists for a.e. t. With reparameterization with arc-length s, we have γ ′ (s) is Lipschitz continuous for s. This implies that γ ′′ (s) = t ′ (s) exists for a.e. s and t ′ (s) = −γ(s) + κ(s)n(s), a.e. s. Note that there does not exist a circle tangent from left to this curve at p = (0, 0). The upper and lower curvatures at (0, 0) are both +∞. γ(0) Figure 2 . The curve is the image of the spherical projection of the plane curve γ(t) given by t → (−t 5 3 , t). Note that there is neither a circle tangent from left nor from right to the curve at (0, 0). So, by definition, the upper and the lower curvatures in the point of inflection γ(0) are +∞ and −∞, respectively.
In this article, we study the following subset of I(P , Q):
be the subset of all curves γ in I(P , Q) whoseγ is Lipschitz continuous and whose geodesic curvature κ(t) at a.e. t satisfies
3. Local behavior of the curves in L κ 2 κ 1 (P , Q) The constraints to the lower and upper curvatures of a curve in L κ 2 κ 1 (P , Q) influences the local behavior of the curve which is stated in Lemma 7. The geometrical intuition of this lemma is shown in Figure 3 . Roughly speaking, the curve γ(s) doesn't contact the circle tangent to γ(s 0 ) from left with the radius ρ 2 = arccot(κ 2 ) again for s ∈ (s 0 − δ, s 0 + δ) for some δ > 0. The analogous property happens on the circle tangent to γ(s 0 ) from right with the radius ρ 1 = arccot(κ 1 ). More precisely, we prove that
Furthermore,
Proof. We denote v = v 2 . Up to a rotation and a change of parameterization, we assume without loss of generality that s 0 = 0, γ(0) = (1, 0, 0) and t γ (0) = (0, 1, 0).
We present the demonstration only for the inequalities for v 2 on each case. The other inequalities for v 1 hold by analogous demonstration. Moreover, we restrict the proof of the conclusion (3) Suppose, by contradiction, that there exists somes ∈ [0, δ]∩I such that d(v, γ(s)) < ρ 2 . Then takes Figure 3 . Intuitively, the statement (3) implies that for s in the suitable interval (for instance, given by Lemma 7) , the curve γ is sandwiched into the green region delimited by the involute of the tangent circles that have radius ρ 2 and ρ 1 centered at v 2 and v 1 respectively. The second inequality of the statements (4) and (5) mean that the distance from v 2 to γ(s) is non-decreasing as s grows in the respective interval. In the other words, the tangent vector t γ (s) lies in the South hemisphere of the sphere with the North direction pointed to v 2 . Claim 1. There exists a σ > 0 very small such that
. Then there is a circle in S 2 with the center a and the radius r which is tangent to γ at γ(0) from the left. So
Note that a, v and γ(0) are in the same great circle.
Thus we have proved Claim 1. By Claim 1,s 0 > 0. Moreover
For each τ ∈ R, we consider the circle ζ τ with radius ρ 2 centered at v τ := (cos ρ 2 , (sin ρ 2 )(sin τ ), (sin ρ 2 )(cos τ )) .
Note that, in particular, v 0 = v. By continuity, the intersection of the curve γ with each ζ τ consists in at least two points for τ sufficiently small (see Figure 4 ). It is straightforward that if (0, 1, 0), γ(s 0 ) ≤ 0 then s 0 > min{2 sin ρ 1 , 2 sin ρ 2 }, so Inequality (3) holds. So we assume (0, 1, 0), γ(s 0 ) > 0. Moreover, there exists a τ 0 > 0 such that for all τ ∈ [0, τ 0 ] there exists a s τ satisfying d(v τ , γ(s τ )) = ρ 2 . Furthermore, s τ = s(τ ) may be chosen as a strictly decreasing function and τ 0 may be chosen as the smallest number satisfying such property.
Since s > min{2 sin(ρ 1 ), 2 sin(ρ 2 )}, γ(s τ 0 ) and γ(0) are not two opposite points of the circle ζ τ 0 nor γ(0) = (1, 0, 0) = γ(s τ 0 ). So evidently the tangent vector of the curve t γ (s τ 0 ) is also tangent to the circle ζ τ 0 at γ(s τ 0 ) and d(v τ 0 , γ(s)) ≤ ρ 2 for all s ∈ (s τ 0 −ǭ, s τ 0 +ǭ) for anǭ > 0 sufficiently small. Thus κ + γ (s τ 0 ) ≥ cot ρ 2 = κ 2 contradicting γ ∈ L κ 2 κ 1 (P, Q). So Inequality (3) holds. Now we prove (4) using (3) . Suppose, by contradiction, that there exists somē s ∈ 0,δ such that t γ (s) − t γ (0), v > 0. By the continuity of t γ there exists ā s 0 ∈ [0,s) such that:
Moreovers 0 may be taken to be the smallest number satisfying such property. By continuity:
We shall deduce thats 0 ≥ min π 2 sin ρ 2 , 2 sin ρ 1 which leads to a contradiction. Firstly, we assert thats 0 > 0. Otherwise ifs 0 = 0 then, since t γ (s), v > 0 for s ∈ [0,s],
This implies d(v, γ(s)) < d(v, γ(0)) = ρ 2 = arccot κ 2 for s > 0 sufficiently small. Hence κ + γ (0) ≥ κ 2 , contradicting γ ∈ L κ 2 κ 1 (P, Q). Therefores 0 > 0. Note that the set {γ(s 0 ), t γ (s 0 ), v} is linearly independent. Otherwise v = −γ(s 0 ) (note that v = γ(s 0 ) from the relation (3)). This implies thats 0 ≥ min{2 sin ρ 1 , 2 sin ρ 2 }, which does not happen by the definition ofs 0 . So the basis B := {γ(s), t γ (s), v} is either positive or negative. If B is negative, then agains 0 ≥ min{2 sin ρ 1 , 2 sin ρ 2 }, contradicting the definition ofs 0 .
Next, we consider the great circle connecting v and γ(s 0 ). Letṽ be the center of the tangent circle of radius ρ 2 at γ(s 0 ). Then v,ṽ and γ(s 0 ) are in the same great circle. By Inequality (3), d(γ(0),ṽ) > ρ 2 . If the angle ∠γ(0)vγ(s 0 ) is greater than π 2 , then the arc from γ(0) to γ(s 0 ) is greater than π 2 sin(ρ 2 ). That iss 0 > π 2 sin(ρ 2 ) contradicting the hypothesiss 0 ∈ 0, π 2 sin ρ 2 . So ∠γ(0)vγ(s 0 ) ≤ π 2 . Sinceṽ is on the great circle connecting v and γ(s 0 ). Consider a point u in this great circle such that the triangle △γ(0)vu is an isosceles triangle with ∠v = ∠u. Since d(ṽ, γ(0)) ≥ ρ 2 (by (3)),ṽ lies outside of the segment vu (in the triangle △γ(0)vu). The previous assertion and the positivity of the basis B := {γ(s), t γ (s), v} imply that
So again the arc from γ(0) to γ(s 0 ) is greater than π 2 sin(ρ 2 ). That iss 0 > π 2 sin(ρ 2 ) contradicting the hypothesiss 0 ∈ 0, π 2 sin ρ 2 . The proof of (4) is complete. The proof of the statement (5) is analogous to (4).
Remark 1.
Observe that the intervals of Lemma 7 are not optimal, a sharper result can be obtained with a more careful demonstration, but the current one is enough for the applications in this article.
4.
Geometry of the curves in P κ 2 κ 1 (P , Q) In this section we show that the sets P κ 2 κ 1 (P , Q) and S κ 2 κ 1 (P , Q) are the same.
. We let γ be parameterized by arc-length s. So s 0 = s(t 0 ). We write, for simplicity, that s 0 = 0. For a ρ ∈ (0, π), we consider the circle ζ in S 2 of radius ρ with the center given by v 1 = γ(0) cos ρ + n γ (0) sin ρ.
The circle ζ satisfies that t ′ γ = t ′ ζ at γ(0). We will determine a value ρ < κ + (t 0 ) such that ζ is a left tangent circle of γ at γ(0). To do it, we define the function g 1 (s) = γ(s), v 1 .
Claim. g 1 has a local maximum at s = 0 for some ρ ∈ (0, π).
Firstly, from the definition g ′ 1 (0) = t γ (0), v 1 = 0. Now we give estimation on the second order variation at s = 0:
Since γ ′ (s) = t γ (s) is in W 1,∞ [0, L γ ] and hence absolutely continuous, we have that
In the above, t ′ γ is defined for a.e. s ∈ [0, L γ ]. By t ′ γ (s) = −γ(s) + κ(s)n γ (s) for a.e. s ∈ [0, L γ ],
Recall the Taylor's formula,
Here the notation of the big O is used to denote a map such that
Then
Substituting the expressions into Equation (6) we obtain:
Here we use the boundedness of κ(s) for a.e. s. Thus
We have that lim By the definition of P κ 2 κ 1 (P , Q), there exists aκ 2 < κ 2 such that κ(s) <κ 2 for a.e. s.
Taking ρ = arccot κ 2 +κ 2 2 in Equation (7), the first integral in the right side of (7) is strictly small than a negative number by the following computation: When s > 0,
The case s < 0 is analogous. We conclude that:
< 0 for the ρ chosen above.
Hence g 1 has a local maximum at s = 0. Thus we have verified the claim.
Since g 1 (γ(s) = γ(s), v 1 = cos θ, where θ is equal to the distance d(γ(s), v 1 ) between v 1 and γ(s) in S 2 . The claim implies that d(γ(s), v 1 ) has a local minimum at s = 0. Because d(γ(0), v 1 ) = ρ, the circle with the center at v 1 radius ρ is a left tangent circle of the curve γ at s = 0. Thus κ +
is analogous. This finishes Part 1. Part 2. We show that S κ 2 κ 1 (P , Q) ⊆ P κ 2 κ 1 (P , Q). Given a C 1 curve γ ∈ S κ 2 κ 1 (P , Q), we assume without loss of generality that it is parameterized by arc-length s and we shall prove that t γ is a Lipschitz continuous function.
For s 0 ∈ [0, L γ ], let ρ = arccot κ 2 , v = γ(s 0 ) cos ρ + n γ (s 0 ) sin ρ. Since κ + γ (s 0 ) < κ 2 , the circle with center v and radius ρ is tangent to γ from the left at s 0 and the function g(s) = γ(s), v 1 has a local maximum at s 0 . Morover, by Lemma 7,
By t γ (s), γ(s) = 0,
So we obtain
By (8), we have that
In the last equality above, we used (10) . Then
Analogously, from κ 1 < κ − γ (s), we deduce:
Since s 0 ∈ [0, L γ ] is arbitrary in Equations (9), (10) and Inequalities (11), (12) . We deduce that for each s ∈ [0, L γ ], there is a δ s > 0 such that for h ∈ (−δ s , δ s ),
where M is the uniform constant for all s. 
Hence t γ (s) is Lipschitz continuous in [0, L γ ]. Thus the derivative t ′ γ (s) exists almost everywhere and (14) t
By the basic property of curves, there exists a function κ(s), s ∈ [0, L γ ] such that, for a.e. s, t ′ γ (s) = −γ(s) + κ(s)n γ (s), and the point s where t ′ γ (s) exists, κ(s) = κ + (s) = κ − (s) is the curvature of γ(s). By sup κ + < κ 2 , we have that ess sup κ(s) < κ 2 . Analogously, κ 1 < ess sup κ − (s). This means that γ ∈ P κ 2 κ 1 (P , Q).
5.
C 0 and C 1 topologies of the space P κ 2 κ 1 (P , Q) It is known that the topology induced by the metrics d 0 and d 1 are not the same in the space I(P , Q). However, once we restrict these metrics to P κ 2 κ 1 (P , Q), they become the same. In this section, we show that the topologies of the space P κ 2 κ 1 (P , Q) with C 0 and C 1 topology are equivalent. Before doing this, we prove the following result which also is of independent interest. Proposition 9. Given −∞ < κ 1 < κ 2 < +∞, let {α k } k∈N be a sequence of C 1 regular curves in S 2 whose upper and lower curvatures satisfy 1] . Assume that {α k } k∈N converges to a C 1 regular curve α in S 2 in d 0 metric, where α has bounded upper and lower curvatures. Let L α k be the length of α k for each k ∈ N and L α the length of α respectively. Then lim
Proof. By the equivalence of the metrics d 0 andd 0 , {α k } k∈N converges in α ind 0 metric. By contradiction, suppose that lim k→∞ L α k = L α . By taking a subsequence, one of cases below happens:
By Theorem 8, for α and each α k , its tangent vector is Lipschitz continuous on the compact set [0, 1] and hence absolutely continuous. By Taylor formula with integral remainder,
Note that the parameter t ∈ [0, 1] satisfies s = L α k t for each k and s = L α t, where s denotes the corresponding arc-length parameter for α k and α respectively. We have
where t ′ α k = −α k + κ α k n α k , t ′ α = −α + κ α n α for a.e. s, κ α k is in (κ 1 , κ 2 ), and κ α is bounded. So t ′ α k and t ′ α are uniformly bounded for all k and t. Case 1: Since lim k→∞ L α k = A < ∞, there exists a positive constant c such that
Since A = L α , there is a very small ǫ > 0 satisfying ǫ c < 1 and k 0 ≥ 0 such that for k ≥ k 0 , |L k −L α | ≥ ǫ > 0. We may choose k 0 such that for k ≥ k 0 , |α k (0) −α(0)| ≤ ǫ 2 4c also holds. Then, for 0 ≤ t ≤ ǫ c ,
Taking t = ǫ c , we have that
This implies that lim |α k (t)−α(t)| = 0 which is a contradiction.
Case 2: Similar to Case 1, there exists positive constants c 1 and c 2 such that
where c = c 1 + c 2 4 . Again choose a number k 1 ≥ k 0 such that for k ≥ k 1 , 2cL α k ≤ 1 and |α k (0) − α(0)| ≤ 1 16c . For each k ≥ k 1 , we take t k = 1 2cLα k ∈ [0, 1]. Then
This induces a contradiction with lim k→∞d 0 (α k , α) = 0.
As a corollary, Proposition 9 implies the following lemma
For each k ∈ N, let L α k be the length of α k and L α the length of α respectively. Then lim k→∞ L α k = L α . Now we are ready to prove Theorem 11. Let −∞ < κ 1 < κ 2 < +∞ and P , Q ∈ SO 3 (R), the metric spaces (P κ 2 κ 1 (P , Q), d 0 ) and (P κ 2 κ 1 (P , Q), d 1 ) generate the same topology.
Proof. For a curve α ∈ P κ 2 κ 1 (P , Q), we choose here the parameter t so that it is proportional to arc-length and α : [0, 1] → S 2 has constant speed |α| ≡ L α . Since the metrics d 1 andd 1 are equivalent, it is enough to prove that the topologies induced by the metricsd 1 and d 0 are the same. Sinced 1 (α, β) ≥ d 0 (α, β) for any α, β ∈ P κ 2 κ 1 (P , Q), the topology induced byd 1 is finer than the topology induced by d 0 . So it suffices to prove the reciprocal.
Given a sequence {α k } k∈N which is convergent in d 0 to α 0 we shall prove that it is also convergent ind 1 .
Suppose, by contrary, thatd 1 (α k , α 0 ) 0 as k → ∞. Then there exists some ǫ > 0, by taking a subsequence, still denoted by α k , it holds that
Since d 0 (α k , α 0 ) → 0, there exist a k 0 > 0 such that, for k ≥ k 0 , max t∈[0, 1] {d(α k (t),α 0 (t))} ≥ 3ǫ 4 .
For every curve α k ∈ P κ 2 κ 1 (P , Q),α k is Lipschitz continuous and sȯ Sinceα 0 and v(t) are continuous, it is sufficient to prove that for any 0 ≤ t 1 ≤ t 2 ≤ 1,
In the second equality of (17), we used the uniform convergence of {α k j } j∈N and the dominated convergence theorem. This proves the claim.
By Claim, we have, for sufficiently large j,
Thus the contradiction happens. We have provedd 1 (α k , α 0 ) → 0 as k → ∞.
6. Banach manifold P κ 2 κ 1 (P , Q) We observe that the space P κ 2 κ 1 (P , Q) with C 0 (equivalently C 1 ) topology in Section 5 is not complete. In this section, we furnish P κ 2 κ 1 (P , Q) a complete norm such that it is a Banach manifold. In [11] , the Saldanha and Zühlke constructed a Hilbert manifold structure on a special subspace of the space of so-called (κ 1 , κ 2 )-admissible curves. We will use an approach similar to theirs.
Denote the space 
Now, given a P ∈ SO 3 (R) and a map Λ : [0, 1] → so 3 (R) of the form:
where v, w ∈ L ∞ [0, 1] and v(t) > 0. By the ODE theory (see [5] , Theorem 3.4), the initial value problem:
exists the unique solution Φ :
For each real number pair
If we take a pair (v,ŵ) ∈ E ∞ , and (v, w) given by
. By the definition of h and h κ 1 ,κ 2 , it is straightforward to verify that (v, w) ∈ E ∞ , v(t) > 0 and w(t) ∈ (κ 1 , κ 2 ), t ∈ [0, 1]. Hence we have the following definition: Definition 12. A parameterized curve γ : [0, 1] → S 2 is called (κ 1 , κ 2 )-strongly admissible if there exist P ∈ SO 3 (R) and a pair (v,ŵ) ∈ E ∞ such that γ(t) = Φ(t)(1, 0, 0) for all t ∈ [0, 1], where Φ is the unique solution in W 1,∞ [0, 1] to the initial value problem (18), with v, w given by Equation (19) .
Let R κ 2 κ 1 (P , ·) denote the set of all (κ 1 , κ 2 )-strongly admissible parameterized curves γ such that Φ γ (0) = P .
We also define R κ 2 κ 1 (P , Q) to be the subspace of
The above identification induces a norm · B in R κ 2 κ 1 (P , ·) such that it becomes a Banach space and hence a (trivial) Banach manifold. Moreover, since SO 3 (R) has dimension 3, R κ 2 κ 1 (P , Q) is a closed subspace of codimension 3 in R κ 2 κ 1 (P , ·) and a Banach space. Now we prove that Proposition 13. Let −∞ < κ 1 < κ 2 < +∞ and P , Q ∈ SO 3 (R). Any parameterized curve γ ∈ R κ 2 κ 1 (P , Q) can be reparameterized by arc-length s, such that it becomes a C 1 regular parameterized curve and [γ(s)] ∈ P κ 2 κ 1 (P , Q).
Proof. The proof is divided by several steps. Let γ : [0, 1] → S 2 be a curve in R κ 2 κ 1 (P , Q).
(i). we prove the existence of the arc-length s of γ and show some of properties of γ(s).
By the definition of R κ 2 κ 1 (P , Q), the frame Φ γ of γ is of W 1,∞ [0, 1]. As a component of Φ γ , the function γ is Lipschitz continuous. This implies thatγ(t) exists a.e. t and |γ(t)| is bounded. Further the arc-length of γ, as a curve, is well defined and is equal to
where s(t) is Lipschitz continuous. By the equationγ(t) = v(t)t(t) a.e., It is known that Lipschitz continuity of γ(t) implies Lipschitz continuity of γ(s) (see [1] Theorem 3.2), that is γ(s) ∈ W 1,∞ [0, L γ ]. Moreover, γ ′ (s) exists for a.e. s and |γ ′ (s)| = 1 for a.e. s (see [1] Corollary 3.7). From the facts on γ(t) and γ(s) we have obtained above, it holds that γ ′ (s) =γ(t(s)) · t ′ (s) =γ v (t(s)) for a.e. s. By the differential system (18), we have that, for a.e. s,
where t(s) = t(t(s))).
(ii). We will confirm that γ ′ (s) exists for all s, γ ′ (s) = t(s) and γ(s) is a C 1 regular curve.
In fact, for any s, since γ(s) is Lipschitz continuous and hence absolutely continuous, γ ′ (s) = lim So we have proved that γ(s) is a C 1 curve. We mention that one may reparameterize γ with a new parameter, still denoted by t, such that γ(t), t ∈ [0, 1] has the constant speed L γ and is in C 1 [0, 1].
(iii). We will confirm [γ(s)] ∈ P κ 2 κ 1 (P , Q). Since the parameter t(s) is Lipschitz continuous, t(s) = t(t(s)) is Lipschitz continuous, that is, it is of W 1,∞ [0, L γ ]. By (18), the following equations hold for a.e. s,
where n(s) = n(t(s)) and w(t) v(t) ∈ (κ 1 , κ 2 ). Note thatŵ(t) ∈ L ∞ [0, 1] and w(t) = v(t)h −1 κ 1 ,κ 2 (ŵ(t)). It can be implied by the definition of h κ 1 ,κ 2 that
Taking γ(s) = γ(t(s)), we have proved [γ(s)] ∈ P κ 2 κ 1 (P , Q).
For convenience, we give the following notation Definition 14. Let L κ 2 κ 1 (P , Q) be the subset of R κ 2 κ 1 (P , Q) satisfyingv(t) ≡v ∈ R.
Now we are ready to prove Theorem 3, that is , Theorem 15. P κ 2 κ 1 (P , Q) can be furnished a complete norm so that it is a Banach space, hence a trivial Banach manifold.
Proof. First, we confirm the claim: L κ 2 κ 1 (P , Q) = P κ 2 κ 1 (P , Q).
Note thatv(t) ≡v is constant. Proposition 13 implies that a parameterized curve γ(t), t ∈ [0, 1], in L κ 2 κ 1 (P , Q) is C 1 regular with its parameter t proportional to the arc-length and [γ(t)] ∈ P κ 2 κ 1 (P , Q). Reciprocally, let [γ] ∈ P κ 2 κ 1 (P , Q), where γ(t) is taken to be a C 1 regular parameterized curve with parameter t ∈ [0, 1] proportional to the arc-length. Then it is directly verified that γ(t) satisfies the ODE system (18) for a.e. t,Φ (t) = Φ(t)Λ(t) and Φ(0) = P ,
with v(t) = |γ(t)| ≡ L γ , w(t) = L γ κ(t). Takev(t) = h(L γ ) andŵ(t) = h κ 1 ,κ 2 (κ(t)). Thenv ∈ R andŵ ∈ L ∞ [0, 1]. Thus γ(t) ∈ L κ 2 κ 1 (P , Q). So the claim holds. Note that L κ 2 κ 1 (P , Q) is a closed subspace of R κ 2 κ 1 (P , Q). In fact, it can be obtained via correspondence γ ↔ (v,ŵ) ∈ R × L ∞ [0, 1] and Φ γ (1) = Q. Hence L κ 2 κ 1 (P , Q) has an induced complete norm. By the claim, P κ 2 κ 1 (P , Q) is a Banach space.
